The main aim of this paper is to establish the LaSalle-type asymptotic convergence theorems for the solutions of stochastic differential delay equations. These stochastic versions are then applied to establish sufficient criteria for the stochastically asymptotic stability of the delay equations. Several examples are also given for illustration.
INTRODUCTION
More than 100 years ago Lyapunov introduced the concept of stability of a dynamic system and created a very powerful tool known as the method of Lyapunov functions in the study of stability. The Lyapunov method has been developed and applied by many authors during the past century. One Ž of the important developments in this direction is the LaSalle theorem cf. w x. LaSalle 10 , from which follow many of the classical Lyapunov results on stability. Another one is Hale's extension to functional differential equa-Ž w x. tions cf. Hale 3 with the introduction of the extended dynamical systems Ž w x. cf. Hale and Infante 4 . On the other hand, since Ito introduced hiŝ stochastic calculus about 50 years ago, the theory of stochastic differential equations has been developed very quickly. Especially the Lyapunov method has been developed to deal with stochastic stability by many w x w x authors, and we here only mention Arnold 1 , Friedman 2 , Has'minskii w x w x w x 5 , Kushner 7 , Kolmanovskii and Myshkis 8 , Ladde and Lakshmikan-w x w x w x than 9 , Mohammed 15 and myself 12᎐14 . However, so far there seems no stochastic version of the LaSalle asymptotic convergence theorem for stochastic differential delay equations, and the main aim of this paper is to extend the LaSalle theorem from ordinary differential equations to stochastic differential delay equations. We also apply the LaSalle-type theorems to establish sufficient conditions for the asymptotic stability of stochastic differential delay equations.
ASYMPTOTIC CONVERGENCE
Ž Throughout this paper, unless otherwise specified, we let ⍀, F F, Ä 4 . Ä 4 F F , P be a complete probability space with a filtration F F satisfy- Consider an n-dimensional stochastic differential delay equation
Here f : R n = R n = R ª R n and g: R n = R n = R ª R n= m . As a standing condition, we impose a hypothesis:
Ž . H1 Both f and g satisfy the local Lipschitz condition and the linear growth condition. That is, for each k s 1, 2, . . . , there is a c ) 0
Ž . k n < < < < < < < < for all t G 0 and those x, y, x, y g R with x k y k x k y F k, and there is moreover a c ) 0 such that n V x, t on R = R which are continuously twice differentiable in x and
Ž . . is denoted by . We also denote by L R ; R the family of all
Ž n . and C R = R ; R denote the families of all continuous functions fromR n to R and from R n = R to R , respectively. The following lemmaplays an important role in this paper. 
Ž . where we have used the following fact from 2.2 and 2.3 that
Ž . Lemma 2.2 to 2.6 yields the required Assertion 2.4 while applying Ž . Ž . Lemma 2.2 to 2.7 gives 2.5 . The proof is complete.
Let us now employ Lemma 2.1 to establish the asymptotic convergence Ž . theorems of LaSalle-type for Eq. 2.1 .
If there is moreo¨er a continuous function
Letting w x, t s ␦ w x and w x, t s w x we obtain 2.9 
Ž . Ž .
2
and lim inf V x, t s ϱ. 2.14 Ž . Ž . 
tªϱ Ž . In other words, the solutions of Eq. 2.1 asymptotically approach D D with probability 1. To prove the theorem let us present three useful results. Thě first one is the well-known Kolmogorov᎐Centsov theorem on the continuity of a stochastic process driven from the moment property.
Ž . LEMMA 2.5. Suppose that an n-dimensional stochastic process X t on t G 0 satisfies the condition
for some positi¨e constants ␣, ␤, and C. Then there exists a continuous Ž . Ž . Ž . modification X t of X t , which has the property that for e¨ery ␥ g 0, ␤r␣ , Ž . there is a positi¨e random¨ariable ␦ such that
In other words, almost e¨ery sample path of X t is locally but uniformly
Holder-continuous with exponent ␥.
w x
The proof of this result can be found in Karatzas and Shreve 6 in the Ž . w x case when the stochastic process X t is on the finite interval 0, T but a Ž . little bit of the modification of the proof works for the case when X t is on the entire R . 
Ž .
Bearing in mind that y t is continuous, we see from Lemma 2.4 that Ž . almost every sample path of y t is locally but uniformly Holder continu-Ž Ž . . ous with exponent ␥ for every ␥ g 0, p y 2 r2 p and therefore almost Ž . every sample path of y t must be uniformly continuous. The proof is complete. Ž .
Ž . 
yFt-ϱ
Proof. In the same way as in the proof of Lemma 2.1 we can show that
Ž . where we simply write x t; s x t as before. By Jensen's inequality and
Ž . Ž .
Hence the assertion follows since the initial data are bounded. The proof is complete.
ASYMPTOTIC STABILITY
The results obtained in the previous section can be applied to establish useful sufficient criteria for the almost surely asymptotic stability of the Ž . stochastic differential delay equation 2.1 .
Assume furthermore that there are functions , g K K and g K K such The results in the previous section can also be used to discuss the almost surely exponential stability.
R , and two constants ) ) 0 such Ž .
2
If furthermore for some positi¨e constants p and c,
Define w x, t s y ␥ e ␥ t w x and w x, t s e ␥ t w x
Applying Lemma 2.1 we obtain that lim sup e ␥ t U x t; , t -ϱ a.s.,
Ž . which yields 3.5 immediately. Finally 3.8 follows from 3.5 and 3.7 directly. The proof is complete.
for x, y g R n and t G 0. If
F y a.s., 3.10
where ␥ is the unique positi¨e root of
Now the conclusion follows from Corollary 3.2. The proof is complete.
To close this section, let us show that the results in the previous section can also be applied to deal with the problem of partially asymptotic stability. Let 1 F n F n and 1
. . , x be the partial coordinates of x, which can be regarded
< < as in R with the norm x s x q иии qx .
R , and w , w g C R ; R and g K K
Moreo¨er, there is a con¨ex function g K K and a constant p ) 2 such that 
ORDINARY DIFFERENTIAL DELAY EQUATIONS

Ž .
If g ' 0, Eq. 2.1 becomes an n-dimensional ordinary differential delay equation Ž . k n < < < < < < < < for all t G 0 and those x, y, x, y g R with x k y k x k y F k, and there is moreover a c ) 0 such that
n n for all x, y, t g R = R = R . 
Ž . Then, for e¨ery g C y , 0; R , the solution of Eq. 4.1 has the
If there is moreo¨er a continuous function : R ª R such that
Žw
x n . Ž . Then, for e¨ery g C y , 0 ; R , the solution of Eq. 4.1 has the property that lim w x t; y w x t; s 0.
These results can be used to investigate the asymptotic stability of Eq. Ž .
Ž . 4.1 as we did in the previous section for Eq. 2.1 , but the details are left to the reader.
EXAMPLES
In this section we discuss a number of examples to illustrate our theory.
Ž . In the following examples we let B t be a scalar Brownian motion. We Ž . omit mentioning initial data and write the solutions simply by x t . EXAMPLE 5.1. Let ␣ and ␤ be both bounded continuous functions from R to R . Consider a one-dimensional stochastic differential delay 
